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In the present paper we discuss on the issue that arises when one tries to classify the gravitational
theories into scalar-tensor theories or general relativity with a scalar field non-minimally coupled
to matter. Despite that the issue might seem like a trivial one, some confusion might arise when
dealing with higher-derivatives Horndeski theories that at first sight do not look like scalar-tensor
theories. To further complicate things, the discussion on the physical equivalence of the different
conformal frames in which a given scalar-tensor theory may be formulated, makes even harder to
achieve a correct classification.
I. INTRODUCTION
Scalar fields have played an important role in the development of the fundamental theories of physics as well
as in other branches of physics such as gravitation and cosmology. For a long time these escaped detection until
2012 year when the Higgs boson was observed for the first time [1–4]. Since then alternatives to the general theory
of relativity like the Brans-Dicke (BD) theory, scalar-tensor theories (STT) of gravity and their higher derivative
generalizations – collectively known as Horndeski theories – have acquired renewed interest [5–9]. There is, however,
a more theoretically-motivated origin of the use of scalar fields in the gravitational theories. According to the famous
theorem by Lovelock [10] the unique metric higher-derivative theory,
S =
∫
d4x
√
|g|L (gµν , ∂σgµν , ∂σ∂λgµν) ,
that gives rise to second-order field equations for all metric components, is based in the Lagrangian density,
L =
K∑
n=0
cnL(n),
where cn are arbitrary constants and the L(n) are the 2n-dimensional Euler densities that are given by
L(n) =
1
2n
δa1b1···anbnc1d1···cndnR
c1d1
a1b1
· · ·Rcndnanbn ,
where δa1b1···anbnc1d1···cndn are the (totally antisymmetric) generalized Kronecker delta function. In four dimensions the only
non-vanishing Euler densities are L(0) ∝ 1, L(1) ∝ R and L(2) ∝ G, where
G = R2 − 4RµνRµν +RµνσλRµνσλ,
is the Gauss-Bonnet term. This latter term does not contribute towards the equations of motion since it amounts to a
total derivative, i. e., it is a topological term. Hence, in four dimensions the only action that gives rise to second-order
motion equations is just the Einstein-Hilbert action. The resulting motion equations are just the Einstein’s equations
of general relativity (GR). As a consequence of the Lovelock’s theorem, if one wants to construct metric theories of
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2gravity with field equations that differ from those of GR, one is left with a few options [11]: Either i) accept higher
than second derivatives of the metric in the field equations, or ii) adopt higer-dimensional spacetimes, or iii) consider
other fields beyond the metric tensor, among other exotic possibilities. The latter option, precisely, opens up the door
to scalar fields as a feasible modification of Einstein’s theory.
The Brans-Dicke theory is the prototype of a scalar-tensor theory [12]. In this case the BD scalar field plays the
role of a point-dependent gravitational coupling that sets the strength of the gravitational interactions point by point.
Hence, the carriers of the gravitational interactions are the two polarizations of the graviton and the scalar field.
Scalar-tensor theories of gravity [13–23] are a generalization of the Brans-Dicke theory to allow the BD coupling to
be a function of the scalar field: ωBD → ω(φ), i. e., to be a varying parameter. The need for a generalization of BD
theory, besides its heuristic potential, is rooted in the tight constraints on the BD coupling parameter ωBD that the
solar system experiments have established [24]. If one allows for the possibility of a varying coupling: ωBD → ω(φ),
the latter experimental constraints may be avoided or, at least, alleviated.
In the bibliography it is usually found the statement that Horndeski theories represent the most general higher
derivatives extension of scalar-tensor theories whose dynamics is governed by second-order motion equations [25–33].
This is a very interesting result since, according to the Ostrogradsky theorem [34, 35], there is a linear instability in
the Hamiltonians associated with Lagrangians which depend upon more than one time derivative in such a way that
the higher derivatives cannot be eliminated by partial integration.1 Hence, the Horndeski constructions avoid the
Ostrograsky instability issue.
Despite its repeated use, the statement that “Horndeski theories represent the most general higher derivatives
extension of scalar-tensor theories...,” is not exactly true. As it will be shown below, not only the STT-s but also
general relativity with a scalar field as a matter source,2 belong in the class of Horndeski theories. No matter how
trivial the differences between GR and the STT may look, certain confusion may arise due to the presence of higher
derivatives of the scalar field and to complicated self-couplings. To make things worse, additional confusion may be
related with the issue on the physical equivalence between the different conformal frames in which a given scalar-tensor
theory can be formulated, also known as the ’conformal transformations issue’ [36–42]. According to several authors
[38, 41] a given STT is physically equivalent to GR with a scalar field that is non-minimally coupled to the matter
degrees of freedom. If this point of view were correct then there would not be physical distinction between GR with
an additional universal fifth-force and the STT, i. e., between metric and non-metric theories of gravity. This would
make even harder to achieve a correct (unique) classification of the STT-s.
In this paper we shall discuss on these issues by choosing a concrete measure of what to consider as a scalar-
tensor theory. This measure is the effective gravitational coupling, i. e., the one that is measured in Cavendish-type
experiments. It is usually computed in the weak-field limit of the theory and also by means of the cosmological
perturbations approach. In the simplest known situations it can be written as a product of the inverse factor that
multiplies the curvature scalar in the action – a function of the scalar field f−1(φ) – by a function h of the coupling
parameter ω:
8piGeff = f
−1(φ)h(ω),
where the left-hand factor f−1 is due to the tensor contribution to the gravitational interactions, while the factor h
is originated from the scalar field’s contribution to the gravitational effects. However, for more complex cases when
higher-order derivatives and self-couplings of the scalar field are considered, the effective coupling is a rather non-
trivial quantity (see section IV). Anyway, no matter how complex it may seem, whenever this effective gravitational
coupling Geff is a function of the scalar field and/or of its derivatives (here we include any coupling parameter) and,
also, of the curvature of spacetime, the given theory of gravity may be regarded as a STT. Otherwise, if the effective
coupling is a constant, the resulting theory is indistinguishable from general relativity.
That this classification measure is not as trivial as it seems is clear from the following example. Let us choose, for
instance, the gravitational coupling itself, i. e., the function of the scalar field that multiplies the curvature scalar in
the action, as a measure for differentiating the STT-s from GR. There are theories in the Horndeski class for which the
gravitational coupling is a constant, and such that the derivative couplings are with the scalar field itself (and with
its derivatives) and not with the curvature. One example of such a theory is the cubic galileon explored in section V,
1 The linear instability in the above mentioned Hamiltonians is associated with the lack of a lower-energy state in the related quantum
theory.
2 Quintessence models of dark energy, as well as the more general k-essence models are based on GR with a scalar field – with a perhaps
complex kinetic energy term – as a matter source.
3whose action may be written in the following form (here we use the units system with 8piGN = c
2 = ~ = 1):
S =
∫
d4x
√
|g|
[
1
2
R+X − V −G3φ
]
,
where X ≡ −(∂φ)2/2 is the kinetic energy density of the scalar field,  ≡ gµν∇µ∇ν , and G3 = G3(φ,X). From this
action, if follow the classification based on the gravitational coupling (in the present example it is just 1/2 due to our
choice of units), it is apparent that the theory belongs in the GR class. On the contrary, if follow the classification
determined by the effective gravitational coupling, as we shall show in section V, this is, in fact, a scalar-tensor theory.
Just to underline the subtlety in this case let us anticipate that if G3 = G3(φ) were a function of the scalar field
exclusively, the theory were indistinguishable from GR according to either classification. Otherwise, for the above
theory to be a STT, it is required that G3 = G3(X). Hence, the higher-order derivative contribution is what makes
of this theory an STT.
In what regards to the additional ambiguity in the classification of the STT-s in connection with the conformal
transformations’ issue, the situation may be briefly stated in the following way. Under a conformal transformation of
the metric:
gµν → Ω−2gµν
(
gµν → Ω2gµν) , √|g| → Ω−4√|g|, (1)
where Ω2 = Ω2(x) is the (non-vanishing) conformal factor, the given scalar-tensor theory may be transformed into
general relativity with an additional universal fifth-force acting on the matter degrees of freedom with non-vanishing
mass. Hence, if we assume that the different conformal frames in which a given STT may be formulated are physically
equivalent, there may not exist distinction between non-metric and metric theories of gravity. If assume, on the
contrary, that the different conformal frames are not physically equivalent and that there exists a physical metric
among the conformally related metrics, the following ambiguity arises. It follows from the low-energy limit of string
theory [43] that the Lagrangian of the different matter degrees of freedom ψ(i) can be written as: Lm(ψ(i), g(i)µν), where
it is explicit that the different matter species ψ(i) non-minimally couple to different conformal metrics g
(i)
µν ;
g(i)µν = e
2βiφgµν , (2)
where φ is the dilaton (the scalar field), gµν is the Einstein’s frame (EF) metric and the βi-s are dimensionless
constants of order unity [44]. Given that the different matter species follow geodesics of different conformal metrics,
the question then is: which one of the different conformal metrics is the physical one? Obviously there would not be
a satisfactory answer to the above question, but, assuming there is indeed a satisfactory answer, the question then is:
Should we classify the given STT according to its physically meaningful representation exclusively?
The paper has been organized in the following way. The basic elements of Brans-Dicke and scalar-tensor theories
are exposed in section II, while the fundamentals of Horndeski theories are given in section III. The section IV is
dedicated to briefly expose the derivation of the expression for the effective gravitational coupling, i. e., the one
measured in Cavendish-type experiments, within Horndeski theories. We present the well-known derivation based on
the post-Newtonian approximation and, also, the less-known derivation that is based on cosmological perturbations
of the background. A detailed discussion on what to consider as an adequate measure for the classification of theories
into STT or GR, is given in section V, while a discussion on how the conformal transformations’ issue impacts this
classification, is presented in section VI. In section VII we discuss on the cornerstone elements of the classification
of generalized scalar-tensor gravitational theories, while conclusions are given in section VIII. For completeness the
appendix sections A, B, C and D have been included. In A the expression for the effective gravitational coupling
of massless Brans-Dicke theory is derived in the weak-field limit, while in B the basic notions of extended theories
of gravity (ETG) are exposed. In the appendix C the notion of difformal transformations – the generalization of
conformal transformations that arises if consider the Horndeski theories of gravity – is given, while in D the origin
of scalar-tensor theories is related with arguments of quantum nature. In this paper, unless otherwise stated, we use
the units system where 8piGN =M
−2
Pl = c
2 = ~ = 1.
4II. BRANS-DICKE AND SCALAR-TENSOR THEORIES OF GRAVITY
The Brans-Dicke (BD) theory of gravity [12] is the prototype of STT. It is thought to embody the Mach’s principle
[45, 46]. Mathematically the BD theory is expressed by the following action principle:3
S =
∫
d4x
√
|g|
[
φR − ωBD
φ
(∂φ)2 − 2V (φ) + 2Lm(ψ(i),∇ψ(i), gµν)
]
, (3)
where Lm is the Lagrangian of the matter fields ψ(i), φ is the BD scalar field, V (φ) is the self-interaction potential
for φ, and ωBD is a free constant – the only free parameter of the theory – called as the BD parameter. It should
be noticed that in the original formulation of the BD theory [12] the scalar field’s self-interaction potential was not
considered, a case usually called as massless BD theory.4 In the form depicted by the action (3), the BD theory is
said to be given in the Jordan frame (JF). In the BD theory (3) the scalar field plays the role of the point-dependent
gravitational coupling (not the same as the measured Newton’s constant as shown below):
φ =
1
8piG(x)
=M2Pl(x), (4)
where MPl(x) is the point-dependent reduced Planck mass. The BD scalar field sets the strength of the gravitational
interactions at each point in spacetime. In consequence, this is not a completely geometrical theory of gravity since
the gravitational effects are encoded not only in the curvature of the spacetime but, also, in the interaction with the
propagating scalar field degree of freedom.
From (3), by varying with respect to the metric, the Einstein-Brans-Dicke (EBD) equations of motion can be derived
(see Ref. [51] for the details of the derivation):
Gµν =
1
φ
[
T (φ)µν + T
(m)
µν
]
+
1
φ
(∇µ∇ν − gµν)φ, (5)
where Gµν ≡ Rµν − gµνR/2 is the Einstein’s tensor,
T (φ)µν ≡
ωBD
φ
[
∂µφ∂νφ− 1
2
gµν (∂φ)
2
]
− gµνV (φ), (6)
is the stress-energy tensor of the BD-field, and
T (m)µν := −
2√
|g|
δ
(√
|g|Lm
)
δgµν
, (7)
is the stress-energy tensor of the matter degrees of freedom. By taking variations of (3) with respect to the BD field,
the following “Klein-Gordon-Brans-Dicke” (KGBD) equation of motion is obtained (see Ref. [51] for details):
(3 + 2ωBD)φ = 2φ∂φV − 4V + T (m). (8)
Besides, the standard conservation equation for the stress-energy tensor of the matter fields is obtained:
∇νT (m)νµ = 0. (9)
3 For the physical principles which the BD theory is based on we recommend Ref. [47].
4 The action (3), with perhaps a quite different aspect and by ignoring the scalar field’s self-interaction term, was first given by other
scientists including Pascual Jordan [48–50], this is why the BD theory is sometimes called as Jordan-Brans-Dicke (JBD) theory. For a
nice historical account of the development of the JBD theory we recommend Ref. [50].
5This entails that the matter fields respond only to the metric gµν , i. e., these follow geodesics of that metric. Hence,
what is the role of the scalar field in the gravitational interactions of matter? As seen from equations (5) and (8)
above, the matter acts as a source of the metric and of the scalar fields and, then the metric says back the matter
how it should move. The scalar field just modulates the strength of the interactions of matter with the metric field
through the gravitational coupling.
As said the gravitational coupling (4) is not the one measured in Cavendish-like experiments. The effective gravi-
tational ’constant’ , Geff, i. e., the one that is really measured, can be found in the weak-field limit of the theory. It
is obtained that [12, 47, 49, 52] (see the appendix A):
8piGeff =
1
φ0
(
4 + 2ωBD
3 + 2ωBD
)
, (10)
where the scalar field is evaluated today, φ0 = φ(t0), and it is determined by appropriate cosmological boundary
conditions given far from the system of interest. This means that the factor φ ≈ φ0 that multiplies the curvature
scalar in (3) – the one that sets the strength of the gravitational interactions point by point – is just the gravitational
coupling associated with the tensor part of the gravitational interaction. Meanwhile, the effective gravitational
coupling constant, Geff, is also contributed by the scalar piece of the gravitational interactions, the one that originates
the strange factor (4 + 2ωBD)/(3 + 2ωBD) in (10).
From equation (10), it is evident how the GR limit can be recovered from the BD theory: just take the ωBD →∞
limit. In this limit it follows that 8piGeff = φ
−1
0 , while from (A10) in the Appendix A, for a stationary mass point of
mass M we get that:
g00 = −1 + 2GeffM
r
, gij = δij
(
1 +
2GeffM
r
)
.
The fact that in the (weak-field) ωBD →∞ limit the measured gravitational constant 8piGeff = 1/φ0, means that the
strength of the gravitational interaction in this limit is entirely due to the metric tensor field, i. e., that the BD scalar
field is decoupled from the gravitational field. This is why GR is recovered in this limit. See, however, Ref. [53],
where by means of the conformal transformations tool the author shows that the known result of Brans-Dicke theory
reducing to general relativity when ωBD →∞, is false if the trace of the matter energy-momentum tensor vanishes.
For the general case with V 6= 0, following a procedure similar to the one exposed in the Appendix A (see Ref.
[54]), it is obtained the following expression for the effective (measured) gravitational coupling in the Brans-Dicke
theory (see also [55]):
8piGeff =
1
φ0
[
3 + 2ωBD + e
−M0r
3 + 2ωBD
]
, (11)
where φ0 is the value of the field around which the perturbations (A1) are performed, while the mass (squared) of
the propagating scalar perturbation is given by:
M20 =
φ0V
′′
0
3 + 2ωBD
, (12)
with V0 = V (φ0), V
′
0 = ∂φV |φ0 , V ′′0 = ∂2φV |φ0 , etc. It is seen that in the formal limit M0 → ∞, i. e., when the
propagating scalar degree of freedom decouples from the rest of the field spectrum of the theory, we recover general
relativity with 8piGeff = 1 (the choice φ0 = 1 is implicit). Meanwhile, in the limit of a light scalar field M0 → 0, we
retrieve the expression (10) for the measured gravitational coupling in the original formulation of the BD theory [12].
A. Scalar-tensor theories
In the case of the more general scalar-tensor theories given by the action principle:
S =
∫
d4x
√
|g|
[
φR − ω(φ)
φ
(∂φ)2 − 2V (φ) + 2Lm
]
, (13)
for the measured gravitational coupling one gets:
68piGeff =
1
φ0
[
3 + 2ω0 + e
−M0r
3 + 2ω0
]
, (14)
where ω0 = ω(φ0) and the mass M0 of the scalar perturbation is given by (12) with the replacement, ωBD → ω0.
The following formal limits (we consider the choice φ0 = 1): M0 →∞ and M0 → 0, lead to general relativity and to
massless STT, respectively.
For the particular case when the STT is given in the alternative form,5
S =
∫
d4x
√
|g| [f(φ)R − ω(φ)(∂φ)2 − 2V (φ) + 2Lm] , (15)
the gravitational coupling that is measured in Cavendish-type experiments is given by:
8piGeff =
1
f(φ)
[
4 + 2f/(∂φf)
2
3 + 2f/(∂φf)2
]
, (16)
where, for simplicity, we have assumed vanishing self-interaction potential.
We end up this section with a brief partial conclusion: In the expressions for the effective gravitational coupling
in equations (11) and (14), the factor φ−1 is associated with the tensor component of the gravitational interactions,
while the factor
3 + 2ω + e−Mr
3 + 2ω
,
is originated from the scalar field contribution to the gravitational interactions. Hence, an adequate measure to
determine whether a given theory is a STT or is just GR (with an additional scalar field matter source) may be,
precisely, the effective gravitational coupling. While this may be a trivial exercise in very well known situations, for
more complex cases where there are implied higher-order derivatives of the scalar field and/or derivative self-couplings,
differentiating scalar-tensor theories from general relativity can be a more difficult task.
III. HORNDESKI THEORIES OF GRAVITY
Horndeski theories [25–33] represent further generalization of scalar-tensor theories to include higher derivatives
of the scalar field and also derivative couplings. The history of the re-discovery of the Horndeski theories is quite
peculiar. Inspired by the five-dimensional Dvali-Gabadadze-Porratti (DGP) model [56–62], in Ref. [26] the authors
derived the five Lagrangians that lead to field equations invariant under the Galilean symmetry ∂µφ → ∂µφ + bµ in
the Minkowski space-time. The scalar field that respects the Galilean symmetry was dubbed “galileon”. Each of the
five Lagrangians leads to second-order differential equations, keeping the theory free from unstable spin-2 ghosts, and
from the corresponding instability of the resulting theory. If the analysis in Ref. [26] is generalized to the curved
spacetime, then these Lagrangians need to be promoted to their covariant forms. This was done in Ref. [27, 28]
derived the covariant Lagrangians Li (i = 1, ..., 5) that keep the field equations up to second-order. In Ref. [63] it
was shown that these Lagrangians are equivalent to the ones discovered by Horndeski [25].
According to Refs. [27, 28], the most general scalar-tensor theories in four dimensions having second-order motion
equations are described by the linear combinations of the following Lagrangians (L1 = M3φ, where the constant M
has the dimension of mass):
L2 = K, L3 = −G3(φ), L4 = G4R+G4,X
[
(φ)2 − (∇µ∇νφ)2
]
,
L5 = G5Gµν∇µ∇νφ− 1
6
G5,X
[
(φ)3 − 3φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3
]
, (17)
5 It is not difficult to prove that the action (13) is transformed into (15) by a simple redefinition of the scalar field and of the coupling
function:
f(φ)→ φ, ω(φ)→
f(φ)
(∂φf)2
ω(φ).
7where K = K(φ,X) and Gi = Gi(φ,X) (i = 3, 4, 5), are functions of the scalar field φ and its kinetic energy
density X = −(∂φ)2/2, while Gi,φ and Gi,X , represent the derivatives of the functions Gi with respect to φ and X ,
respectively. In the Lagrangian L5 above, for compactness of writing, we have adopted the same definitions used in
Ref. [63]:
(∇µ∇νφ)2 := ∇µ∇νφ∇µ∇νφ, (∇µ∇νφ)3 := ∇µ∇αφ∇α∇βφ∇β∇µφ. (18)
The general action for the Horndeski theories:
SH =
∫
d4x
√
|g| (L2 + L3 + L4 + L5 + Lm) , (19)
where the Li are given by (17) and Lm stands for the Lagrangian of the matter degrees of freedom, comprises several
well-known particular cases [32]:
• General relativity with a minimally coupled scalar field. This is given by the following choice of the relevant
functions in (17):
G4 =
1
2
, G3 = G5 = 0
S =
∫
d4x
√
|g|
[
1
2
R +K(φ,X) + Lm
]
. (20)
This choice comprises quintessence; K(φ,X) = X−V , and k-essence, for instance, K(φ,X) = f(φ)g(X), where
f and g are arbitrary functions of their arguments.
• Brans-Dicke theory. The following choice corresponds to the BD theory [12]:
K(φ,X) =
ωBD
φ
X − V (φ), G3 = G5 = 0, G4 = φ
2
,
S =
1
2
∫
d4x
√
|g|
[
φR − ωBD
φ
(∂φ)2 − 2V
]
.
• f(R)-theory. In this case we have that:
K = −1
2
(∂RfR− f) , G4 = 1
2
∂Rf, G3 = G5 = 0,
S =
1
2
∫
d4x
√
|g|f(R). (21)
Notice that under the replacement φ = ∂Rf , V = (∂Rf − f)/2, in (21) leads to BD theory with vanishing
coupling ωBD = 0.
• Non-minimal coupling (NMC) theory. This is described by the functions:
K = ω(φ)X − V (φ), G4 = 1− ξφ
2
2
, G3 = G5 = 0,
S =
∫
dx4
√
|g|
[
1− ξφ2
2
R− ω(φ)
2
(∂φ)2 − V (φ)
]
.
Higgs inflation [64, 65] corresponds to the choice: ω(φ) = 1, V (φ) = λ(φ2 − v2)2/4.
8• Cubic galileon in the Jordan frame. For this particular case in the functions in (17) one sets: K = 2ωBDX/φ−
2Λφ, G3 = −2f(φ)X, G4 = φ, G5 = 0, and the resulting Jordan frame (JF) action reads [66]:
S =
∫
d4x
√
|g|
[
φR − ωBD
φ
(∂φ)2 − 2Λφ+ f(φ)φ(∂φ)2
]
. (22)
• Cubic galileon in the Einstein’s frame. For the choice:
G4 =
1
2
, G5 = 0, G3 = 2σX,
where the constant σ is the self-coupling parameter, we get the cubic galileon action in the Einstein’s frame
(EF) [92, 93]:
S =
∫
d4x
√
|g|
2
{
R− [1 + σ(φ)] (∇φ)2 − 2V }+ ∫ d4x√−gLm. (23)
The above action can be obtained from the Jordan frame (JF) action (22) through a disformal transformation
(see appendix C).
• Kinetic coupling to the Einstein’s tensor. This is another particular and very interesting case within the class
of the Horndeski theories [67–75]. It corresponds to the following choice:
K = X − V, G3 = 0, G4 = 1
2
, G5 = −α
2
φ,
that leads to the action:
S =
1
2
∫
d4x
√
|g| [R+ 2(X − V ) + αGµν∂µφ∂νφ] , (24)
where we have taken into account that integration by parts of the term −αφGµν∇µ∇νφ amounts to
−αGµν∂µφ∂νφ.
One of the advantages of the galileons as introduced in Ref. [26] is that it is possible to obtain the equivalent of
the DGP self-accelerating phase without the unwanted ghost instability [66]. Galileon models have been applied to
reproduce the present speed-up of the cosmic expansion [66, 76–78] and, also, the primordial inflation [79, 80]. The
implications of these models for the non-gaussianity issue [81–87], as well as for gravitational wave emission in the
context of the Vainshtein screening have been studied in Ref. [88, 89].
IV. EFFECTIVE GRAVITATIONAL COUPLING IN THE HORNDESKI THEORIES
In order to compute the effective gravitational coupling let us consider perturbative expansion of the Horndeski
motion equations around the flat Minkowski background space with metric ηµν , with constant value Φ of the scalar
field [90]:
gµν = ηµν + hµν , φ = Φ+ ψ, X = −1
2
(∂ψ)2. (25)
It is assumed, also, that the background is homogeneous, isotropic and stationary. Besides, since we will be interested
in a single point mass source, the spherically symmetric solution will be considered. The computations of Ref. [90] are
performed in the parametrized post-Newtonian (PPN) approximation. Under the former assumptions, the expression
for the Newton’s constant that is measured in Cavendish-like experiments is given by [90]:
8piGeff =
1
2G4
[
3 + 2ωeff + e
−Mψr
3 + 2ωeff
]
, (26)
9where
Mψ =
√
−2K,φφ
K,X − 2G3,φ + 3G24,φ/G4
, (27)
is the mass of the scalar perturbation around the background value Φ and
ωeff =
G4 (K,X − 2G3,φ)
2G24,φ
, (28)
is the effective coupling of the scalar field to the curvature. In (26), (27) and (28), the coefficients K, G3, G4 and G5
and their φ and X-derivatives are evaluated at background values: φ = Φ and X = 0.
The equation (26) is the generalization of (14) for the case when higher-order derivatives of the scalar field are
considered. Notice also that, in the formal limit when, G4,φ → 0 ⇒ G4 = const., general relativity is recovered. In
the form in (26), the above definition of the measured Newton’s constant is not useful when G4 = 1/2 is a constant
since ωeff is undefined. In this case we have to rewrite (26) in the following equivalent way:
8piGeff =
1
2G4
[
3G24,φ +G4 (K,X − 2G3,φ) +G24,φe−Mψr
3G24,φ +G4 (K,X − 2G3,φ)
]
. (29)
From this equation it is seen that when the coefficient G4 is a constant (G4 = 1/2): Geff = (8pi)
−1, so that GR is
recovered.
We want to underline that, as the authors of Ref. [90] say, the above equations, in particular (26) or (29), are valid
for those Horndeski theories in which screening mechanisms – like the Vainshtein screening – do not play a significant
role so that the standard PPN formalism can be applied.
A. The cosmological perturbations’ approach
Although the measured gravitational ’constant’ in Horndeski theories, Geff, can be found through the above ex-
plained procedure, there is an alternative way in which Geff can be derived without involving the PPN formalism, so
that those Horndeski theories where the Vainshtein screening is an important ingredient, may be considered. It is
based on the cosmological perturbations approach. The linear perturbations about the flat FRW metric:
ds2 = −(1 + 2ψ)dt2 − 2∂iχdtdxi + a2(t)(1 + 2Φ)δijdxidxj ,
where ψ, χ, and Φ are the scalar metric perturbations, in the theory given by the action (19), were studied in Ref.
[91]. The spatial gauge where the gij is diagonal is assumed. The scalar field as well as the matter fields, are also
perturbed: φ(t)→ φ(t)+δφ(t,x), ρm → ρm+δρm. Following Ref. [91], for compactness of writing, let us to introduce
the following useful quantities:
FT ≡ 2
[
G4 −X
(
φ¨G5,X +G5,φ
)]
, GT ≡ 2
[
G4 − 2XG4,X −X
(
Hφ˙G5,X −G5,φ
)]
, (30)
and also, the expansion:
Θ = −φ˙XG3,X + 2H
(
G4 − 4XG4,X − 4X2G4,XX
)
+ φ˙ (G4,φ + 2XG4,φX)
−H2φ˙ (5XG5,X + 2X2G5,XX)+ 2HX (3G5,φ + 2XG5,φX) . (31)
For the discussion on the evolution of matter perturbations relevant to large-scale structure, the modes deep inside
the Hubble radius (k2/a2 ≫ H2) are the ones that play the most important role. In the quasi-static approximation
on sub-horizon scales6, so that the dominant contributions in the perturbation equations are those including k2/a2
6 The range of validity of the quasi-static approximation may be very limited in theories where the sound speed cs ≪ 1.
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and δ – the density contrast of matter, the following Poisson equation on ψ is obtained [91]:
k2
a2
ψ ≃ −4piGeffδρm,
where the effective gravitational coupling Geff, is the one measured in local experiments. It is given by the following
expression (recall that we are working in the units system where 8piGN =M
−2
pl = 1):
8piGeff =
2
(
B6D9 −B27
) (
k
a
)2 − 2B6M2
(B28D9 +A
2
6B6 − 2A6B7B8)
(
k
a
)2 −B28M2 , (32)
where
A6 =
2(Θ−HGT )
φ˙
, B6 = 2FT , B7 =
2
[
G˙T +H (GT −FT )
]
φ˙
,
B8 = 2GT , D9 = 2(Θ˙ +HΘ)− 4HG˙T + 2H
2(FT − 2GT ) + ρm
φ˙2
.
The coefficient M2 is related with the mass squared of the field δφ and it is given by:
M2 = −K,φφ +K,φX(φ¨+ 3Hφ˙) + 2XK,φφX + 2XK,φXXφ¨+ ..., (33)
where the ellipsis stands for terms containing second, third and fourth-order derivatives of the functions Gi on the
variables φ and X . For the full expression of M2 see Eq. (35) of Ref. [91].
In this paper Eq. (32) will be the master equation for determining the measured Newton’s constant in Horndeski
theories. Although the equation (26) – or in its equivalent form (29) – serves the same purpose, as we have underlined
above, these are based on the assumption that the PPN approximation is valid, so that (26), (29), are not useful in
those Horndeski theories where the Vainshtein screening (or other screening mechanisms) plays an important part.
We shall further discuss on this issue in section VII.
V. WHAT ARE SCALAR-TENSOR THEORIES?
In the bibliography one usually finds the statement that the Horndeski theories are a generalization – or an extension
– of the scalar-tensor theories. But, what really means that a given theory of gravity is a scalar-tensor theory? Here
such a statement entails that the gravitational phenomena are not completely due to the curvature of spacetime but,
that these are partly a result of the curvature and partly due to an additional scalar field degree of freedom. Take as
an example a scalar field with the typical non-minimal coupling to the curvature of the form, Lnmc ∝ f(φ)R. In this
case the gravitational coupling ∝ f−1(φ), so that it sets the strength of the gravitational interactions at each point in
spacetime. This is the most obvious way in which the scalar field modifies the gravitational interactions, so these are
propagated both by the metric and by the scalar field. In addition, the measured (effective) gravitational coupling is
modified in a non-trivial way. For instance, if the scalar field possesses a standard kinetic term, −(∂φ)2/2, the above
non-minimal coupling implies that the measured gravitational constant is given by (16). For vanishing kinetic term
without the potential the scalar field is a non-propagating degree of freedom, so that the resulting theory coincides
with general relativity. But if the scalar field’s potential is non-vanishing, it could happen that for vanishing kinetic
term the theory is a scalar-tensor one, as it is, for instance, for f(R)-theories.
As mentioned in the concluding paragraph of section II, a good indicator that the given theory is a STT is that
its corresponding effective gravitational coupling be a function of the scalar field, i. e., that it could be expressible
in the form of (14) through, possibly, a redefinition of the scalar field. After the Horndeski generalizations of the
scalar-tensor theories, one should require that, not only the scalar field but also its higher order derivatives and mixed
(non-linear) terms where curvature quantities are multiplied by these elements, can modify the effective coupling that
is measured in Cavendish-like experiments (32).
For the Brans-Dicke theory, for instance:
K(φ,X) =
ωBD
φ
X − V (φ), G3 = G5 = 0, G4 = φ
2
.
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The corresponding effective gravitational coupling (32) is given by:
8piGeff =
1
φ
[
4 + 2ωBD + 2φ(Ma/k)
2
3 + 2ωBD + 2φ(Ma/k)2
]
, (34)
where, neglecting terms O(H2φ), M2 ≃ ∂2φV + ∂φV/φ. In the limit M2 → 0, i. e., when the scalar field is massless
as in the original BD theory without the potential, we recover the known result of (10). Meanwhile, in the limit
M2 → ∞, i. e., when the scalar field decouples from the rest of the matter degrees of freedom of the theory – also
when ωBD →∞ – the GR behavior is reproduced.
But, what about other theories included in the Horndeski class? Take, for instance, the class determined by the
choice (20). Looking at the resulting action, for an arbitrary function K(φ,X), one immediately recognizes the so
called k-essence theories (these include the quintessence models for the particular choice K(φ,X) = X − V (φ)). In
this case, since G4 = 1/2, FT = GT = 1, and given that G3 = G5 = 0, one gets that Θ = H , and consequently,
A6 = B7 = 0, B6 = B8 = 2. Hence, for the effective gravitational coupling (32) one obtains 8piGeff = 1, which means
that k-essence is just general relativity plus a scalar field – with a perhaps exotic kinetic energy term – as matter
source of the Einstein’s equations.
A. The EF cubic galileon
For the choice:
G4 =
1
2
, G5 = 0, G3 = G3(φ,X) 6= 0, (35)
that includes the EF cubic galileon model (23), we have that FT = GT = 1, while Θ = H − φ˙XG3,X , and
A6 = 2(Θ−H)/φ˙, B6 = B8 = 2, D9 = [2Θ˙ + 2H(Θ−H) + ρm]/φ˙2,
so that
8piGeff =
[2Θ˙− 2Hφ˙XG3,X + ρm]
(
k
a
)2 −M2φ˙2
[2Θ˙− 2Hφ˙XG3,X + 4X3G23,X + ρm]
(
k
a
)2 −M2φ˙2 . (36)
Notice that if, G3 = G3(φ), is a function of the scalar field only, the resulting theory is equivalent to GR.
7 In order
for the above choice to represent a STT it is required that G3 be an explicit function of the kinetic term X .
The cubic galileon represents an example where the scalar-tensor character of a given theory may be very subtle.
Actually, for the choice (20) it is clear why the resulting theory is general relativity with a scalar field as matter
source: there is no direct coupling of the scalar field (or of its derivatives) to the curvature. These couplings are
explicit in the terms:
G4(φ,X)R, G5(φ,X)Gµν∇µ∇νφ,
but as long as G4 = const = 1/2 and G5 = 0, there is no (explicit) direct coupling between the scalar field a the
curvature. The interesting thing is that according to the choice (35), G4 = 1/2, G5 = 0, as in (20), so that one
should expect that the resulting theory should be general relativity as well. However, if take a closer look at (36),
it is seen that thanks to the term 4X3G23,X in the denominator, the Newton’s constant measured in Cavendish-type
experiments is a function of the spacetime point through the field variables and their derivatives:
Geff ∝ f(H, H˙, φ,X, X˙),
7 As a matter of fact, a term ∝ G3(φ)φ in the Lagrangian density may be integrated by parts to give 2G3,φX, which may be absorbed
in the K(φ,X)-term, so that the resulting theory is given by (20).
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so that this is not general relativity but a scalar-tensor theory!
We may explain the above result in the following way. For simplicity let us assume that G3 = G3(X) is an explicit
function of the kinetic energy of the scalar field only. Variation of the Lagrangian L3 in (17) with respect to the scalar
field can be written as:
δL3 = −G3,XδX(φ)−G3(δφ),
where δX = ∇µφ∇µ(δφ). After further modification, up to a divergence, ∇µV ν , where
V µ = G3,X∇µφ(φ)δφ +G3∇µ(δφ) −G3,X∇µXδφ,
the variation of the Lagrangian can be put into the following form:
δL3 =
[
G3,XX∇µX∇µφ(φ) +G3,X(φ)2 +G3,X∇µφ∇µ(φ)−G3,XX∇µX∇µX −G3,XX
]
δφ,
where the presence of third-order derivatives is evident. According to the relationship,
(∇µφ)−∇µ(φ) = Rµν∇µφ∇νφ, (37)
we have that (see the definitions (18)):
X = (∇µφ∇νφ)2 +∇µφ(∇µφ) = (∇µφ∇νφ)2 +∇µφ∇µ(φ) +Rµν∇µφ∇νφ,
so that the variation of the cubic Lagrangian can be rewritten into the form where it contains derivatives no higher
than the 2nd order:
δL3 =
{
G3,XX∇µX [∇µφ(φ) −∇µX ] +G3,X
[
(φ)2 − (∇µφ∇νφ)2
] −G3,XRµν∇µφ∇νφ} δφ. (38)
This has been achieved at the cost of introducing a term (last term above) where the Ricci curvature tensor is coupled
to the derivatives of the scalar field. In this form, it is evident that any first-order variation of the cubic Lagrangian
induces a derivative coupling of the scalar field to the curvature, thus making explicit the scalar-tensor character of
the cubic galileon theory.
B. Theory with kinetic coupling to the Einstein’s tensor
As stated in section III, the choice,
K = X − V, G3 = 0, G4 = 1
2
, G5 = −α
2
φ,
results in the gravitational theory with kinectic coupling to the Einstein’s tensor that is given by the action (24). In
this case (32) is written as:
8piGeff =
{FTHT + J 2T} (ka)2 + FTM2X{
G2THT −FT (FT − GT )2H2 − 2GT (FT − GT )JTH
}(
k
a
)2
+ G2TM2X
, (39)
where
FT = 2G4 + αX, GT = 2G4 − αX,
HT ≡ (FT − 2GT ) H˙ + FTH, JT ≡ G˙T +H (FT − GT ) . (40)
That this choice is a scalar-tensor theory – as corroborated by (39) where it is apparent that Geff = f(H, H˙,X, X˙)
is a function of the spacetime point – is evident from the action (24) where the coupling of the derivatives of the
scalar field to the Einstein’s tensor, Gµν∂
µφ∂νφ, is explicit.
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VI. SCALAR-TENSOR THEORIES AND THE CONFORMAL TRANSFORMATIONS’ ISSUE
There is another aspect of the classification of the scalar-tensor theories of gravity that is related with the so called
conformal transformations’ issue. The issue can be stated in the following way: Under conformal transformations of
the metric (1) the given STT may be formulated in a – in principle infinite – set of mathematically equivalent field
variables, called as conformal frames. Among these the Jordan frame (JF) and the Einstein’s frame (EF) are the most
outstanding [36–42]. The following related questions are the core of the conformal transformation’s issue.8
1. Are the different conformal frames not only mathematically equivalent but, also, physically equivalent?
2. If the answer to the former question were negative, then: which one of the conformal frames is the physical one,
i. e., the one in terms of whose field variables to interpret the physical consequences of the theory?
The resulting controversy originates from the lack of consensus among different researchers – also among the different
points of view of the same researcher along her/his research history – regarding their answer to the above questions.
There are konwn classifications of the different works – of different authors and of the same author – on this issue [37].
That the controversy has not been resolved yet is clear from the amount of yearly work on the issue where there is
no agreement about the correct answer to these questions [95–109]. Here we shall approach to the conformal frames’
issue from the classical standpoint exclusively. For a related discussion based on quantum arguments we recommend
Refs. [104–108] and references therein.
Although this paper is not properly aimed at discussing on the conformal frames issue, several of the most salient
aspects of the issue should be commented before we discuss how it impacts the classification of gravitational theories
into STT or GR with a scalar field matter source, in section VII.
A. Are the JF and the EF physically equivalent?
Let us focus, for simplicity, in the BD theory.9 Under the conformal transformation of the metric (1), with conformal
factor, Ω2 = φ, together with the rescaling of the BD scalar field: φ → expϕ, the Jordan frame BD action (3), is
transformed into the Einstein frame:
S =
∫
d4x
√
|g|
[
R−
(
ωBD +
3
2
)
(∂ϕ)2 − 2V (ϕ) + 2e−2ϕLm(ψ(i),∇ψ(i), e−ϕgµν)
]
, (41)
where, under (1): V (φ)→ e2ϕV (ϕ). It is explicit in the matter Lagrangian above, Lm, that the matter fields ψ(i) do
not follow geodesics of the gravitational metric gµν , but of the conformal metric e
−ϕgµν instead. Hence, in the EF,
besides the gravitational effects due to the curvature of spacetime, the matter fields are acted on by a universal non-
gravitational fifth-force that deviates their motion from being geodesic. The question now is: Are the JF formulation
of BD theory given by the action (3) – and the derived motion equations – and the EFBD theory depicted by the
action (41) physically equivalent? That these are mathematically equivalent is evident, but what to understand by
physical equivalence?
When one thinks about physical equivalence one of the first examples that comes to one’s mind is the theory of
general relativity. The physical equivalence of the different coordinate frames in which the GR laws – expressed
through the action principle and the derived equations of motion – can be formulated, is sustained by the invariance
of these laws under general coordinate transformations. This leads naturally to the existence of a set of measurable
quantities: the invariants of the geometry such as the line element, the curvature scalar and other quantities that are
not transformed by the general coordinate transformations. Another example can be the gauge theories, where the
gauge symmetry warrants that the theory can be formulated in a set of infinitely many physically equivalent gauges.
In this case the quantities that have the physical meaning, i. e., those that are connected with measurable quantities,
are gauge-invariant. As before, the guiding principle that supports the physical equivalence of the different gauges is
the underlying symmetry. Take as a very simple example the electromagnetic gauge theory of a Fermion field ψ(x),
that is given by the following Lagrangian:
8 The equivalence of different representations of scalar-tensor theories of gravity under the method of Legendre/conformal transformations
including the boundary terms has been investigated in Ref. [94]. The quantum equivalence of different representations was also briefly
discussed in that reference.
9 The results of the present discussion can be easily extended to the more general scalar-tensor theories.
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Lgauge = ψ¯(x) (iD −m)ψ(x) − 1
4
FµνF
µν , (42)
where the gauge derivative D ≡ γµ(∂µ − igAµ) (γµ are the Dirac gamma-matrices while Aµ are the electromagnetic
potentials) and Fµν ≡ ∂νAµ − ∂µAν . The above Lagrangian is invariant under the following gauge transformations:
ψ(x)→ eiα(x)ψ, ψ¯(x)→ e−iα(x)ψ¯, Aµ → Aµ + 1
g
∂µα.
Quantities that are invariant under the above transformations, such as, for instance those ∝ ψ¯ψ, or ∝ FµνFµν , and
the related quantities, are the ones that have the physical meaning. The above procedure can be straightforwardly
generalized to a collection of Fermion fields and of gauge fields in the electroweak (EW) theory, for instance.
B. Conformal invariant Brans-Dicke theory
By analogy, one may expect that physical equivalence of the conformal frames should be linked with conformal
invariance of the laws of physics, in particular, of the gravitational laws [36, 38]. Actually, following the spirit
of the above examples: coordinate invariance of the laws of gravity in GR and gauge invariance of the laws of
electromagnetism, one should require the action and the field equations of the theory – representing the physical
laws – to be invariant under (1). Then one may search for quantities that are not transformed by the conformal
transformations of the metric, and regard them as the measurable quantities of the theory. This is the natural way in
which one may think about invariance of the physical laws under conformal transformations: Conformal invariance
of the physical laws – expressed through the action principle and the derived motion equations – is the necessary
requirement for physical equivalence of the different conformal frames in which a given STT may be formulated.
Unfortunately, only the Brans-Dicke action with the anomalous coupling parameter ωBD = −3/2 (we omit here the
self-interacting potential);
S =
∫
d4x
√
|g|
[
φR +
3
2
(∂φ)2
φ
]
, (43)
is invariant under the conformal transformation (1) plus a rescaling of the BD scalar field [42, 110–112]:
gµν → Ω−2gµν , φ→ Ω2φ. (44)
For other values of the BD coupling constant ωBD 6= −3/2, the resulting gravitational laws are not invariant under
the above conformal transformation.
As an aside: one should not be confused by the argument frequently found in the bibliography that the gravitational
part of the BD action:
S =
∫
d4x
√
|g| eϕ [R− ω(∂ϕ)2] ,
where we have rescaled the BD field, ϕ→ lnφ, and the subindex “BD” in the coupling constant ω, has been omitted,
is invariant under a conformal transformation of the metric (1), plus a transformation of the coupling constant,
ω → ω − 2∂ϕ lnΩ (1− ∂ϕ lnΩ) (2ω + 3).
One should notice first that, actually, the BD action above is form-invariant under the aforementioned transformations.
However, these imply that in general a constant value of the coupling constant in the Jordan frame is transformed into
a function of ϕ in the conformal frame.10 This, in turn, has implications for the measured value of the gravitational
10 There are cases when, ∂ϕ lnΩ = α, is a constant, where one constant value of the coupling constant is mapped into a different constant
value in the conformal frame.
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constant (the scalar field is determined by appropriate cosmological boundary conditions given far from the system
of interest),
8piGeff =
1
φ
[
4 + 2ω
3 + 2ω
]
,
so that one has actually two different theories: BD theory with different values – even different behaviors – of the
measured gravitational coupling Geff.
The problem with the conformal invariant theory (43) is that only traceless matter, i. e., massless matter degrees
of freedom, can be consistently coupled. Nevertheless, the main features of truly conformal invariant theories can
be discussed on the basis of (43). It is readily checked that the mentioned action, together with the derived motion
equations:
Gµν =
T
(m)
µν
φ
− 3
2φ2
[
∂µφ∂νφ− 1
2
gµν (∂φ)
2
]
+
1
φ
(∇µ∇ν − gµν)φ, (45)
φ− 1
2φ
(∂φ)2 − 1
3
Rφ = 0 ⇒ T (m) = 0, (46)
are invariant under (44), where in the last line it has been made evident that the above motion equations are obeyed
by traceless matter exclusively. Given the invariance of the gravitational laws under the conformal transformations,
besides the four degrees of freedom to make diffeomorphisms an additional degree of freedom to make conformal
transformations is at our disposal. This means that, either one of the components of the metric or the scalar field,
can be chosen at will. This is reflected by the fact that the “Klein-Gordon” equation (46) is just the trace of (45), so
that the former is not an independent equation of motion, meaning that φ may not be a dynamical field. This is a
distinguished feature of truly conformal invariant theories of gravity that is not shared neither by BD theory nor by
scalar-tensor theories in general. Hence, conformal invariance is not a symmetry neither of BD theory nor of STT-s
in general. Now, given that there is not an underlying conformal symmetry implied, how it can be that the different
conformal frames in which these theories can be formulated are physically equivalent?
In the bibliography the following prototype action [112, 113]:
S =
∫
d4x
√
|g|
[
ϕ2
12
R+
1
2
(∂ϕ)2 ± λ
12
ϕ4
]
, (47)
is known to underlay a truly conformal invariant theory of gravity since, under the Weyl rescalings: gµν → Ω−2gµν ,
ϕ→ Ωϕ, the combination
√
|g|[ϕ2R+6(∂φ)2] is kept unchanged, as well as the scalar density
√
|g|ϕ4. Any scalar field
which appears in the gravitational action the way ϕ does, is said to be conformally coupled to gravity. It should be
pointed out, however, that up to an irrelevant overall factor 1/12 this action is the above commented BD action with
ωBD = −3/2. This can be seen if replace ϕ2 → φ in (43). Hence, only massless matter fields can be coupled to gravity
in this theory. As a consequence, a conformal symmetry breaking mechanism is required in order to consistently
couple the massful matter degrees of freedom to gravity in the above conformal invariant theory of gravity.
Yet one may find arguments in favor of the physical equivalence that at first sight seem like natural statements.
An example can be the following statement:11 “If two theories lead to the same predictions for all measurable
(dimensionless) quantities (e.g. tensor-to-scalar ratio, running of indices, etc.), then they are the same theory.”
Although the statement might be correct in certain cases, this is not the case for the different conformal frames in
which a given scalar-tensor theory may be formulated. Even in this case the above statement may be true for certain
measurable quantities but not for all of them: this is true as long as the given quantities do not involve spacetime
derivatives. Take, for instance, the curvature scalar R = gµνRµν (Rµν are the components of the Ricci tensor). This
quantity is measured in units of [length]−2, so that the dimensionless quantity Rl2 – l is the unit of length – is the
one obtained as a result of a given measurement. Under a conformal transformation of the metric: gµν → Ω−2gµν ,
R→ Ω2
[
R+ 6∇2 lnΩ− 6 (∇ lnΩ)2
]
,
11 This argument has been presented to us by S Karamitsos.
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while l2 → Ω−2l2, so that;
Rl2 → Rl2 + 6l2
[
∇2 lnΩ− (∇ ln Ω)2
]
.
This clearly demonstrates that the measurement of the curvature does not lead to the same result in the different
conformal frames. Another example is related with the transformation properties of the geodesics under the conformal
transformations (see below in subsection VID1). Due to a universal fifth-force of non-gravitational nature, there is
a net deviating effect in the conformal frame: timelike particles deviate from geodesic motion, that is not measured
in the Jordan frame. This is an example of an effect that can be measured in a given conformal frame while being
absent in the conformally related frame. Hence, the predictions are not the same in the conformally related frames.
C. Einstein’s frame with running units
The so called “Einstein’s frame with running units” interpretation [38], is intended to explain the assumed physical
equivalence of the JF and EF. The basic idea of the mentioned approach is that the two conformal frames are physically
equivalent provided that in the Einstein frame the units of time, length, mass, and derived quantities are allowed to
scale with appropriate powers of the conformal factor, as discussed in Ref. [36]. Notice, in passing, that the latter
requirement can be only an independent postulate that is not derived from the corresponding action principle. In Ref.
[38] it is stated that “If one accepts this point of view, the symmetry group of classical physics is enlarged to include
conformal transformations with the associated rescaling of units”. A statement that is not trivial at all since the
action principles for the Brans-Dicke and the STT-s – and the derived motion equations – do not have this symmetry
group.
According to Ref. [38], in the Jordan frame the effective gravitational coupling, ∝ φ−1, varies, while ~, c, the
masses of elementary particles, the remaining coupling constants and the units are true constants. Consequently the
weak equivalence principle holds and the theory is metric. In the Einstein’s frame, on the contrary, the gravitational
coupling, ~ and c are constants, while the masses of elementary particles and the coupling constants of nongravitational
physics vary with time like the units of time, length, and mass. As an illustration of this interpretation of the “EF
with running units”, in Ref. [38] the following example was discussed. Let mp be the constant mass of a proton in
the JF of BD theory, while mˆp = Ω
−1mp is the point-dependent mass of the same proton when described in terms of
the variables of the EF (Ω is the non-vanishing conformal factor). Since in an experiment what one measures is the
ratio mˆp/µˆ, where µˆ is the mass unit in the EF, then
mˆp
µˆ
=
Ω−1mp
Ω−1µ
=
mp
µ
,
i. e., the same value for the mass of the proton is obtained in the JF and in the EF. This result is presented as
a confirmation that, if assume the EF with running units as a correct interpretation, then the JF and the EF are
physically equivalent representations of the same ’physics’.
As a matter of fact the above ’demonstration’ is no more than a redundancy since, by definition, the conformal
transformations of the metric are not diffeomorphisms, i. e., these do not act on the coordinates. Since the coordinates
are just labels for the spacetime coincidences, the above means that the conformal transformations do not modify
the measurements. The fact that the results of a measurement of a given quantity is the same no matter which one
of the conformal frames is being considered, is not an evidence of the physical equivalence of these frames, but an
explicit consequence of the definition of the conformal transformation of the metric. On the contrary, invariance of the
motion equations under the conformal transformations is indeed an evidence of the physical equivalence, as discussed
in subsection VIB above. In this regard, an additional example can be the Klein-Gordon motion equation:
ψ − R
6
ψ −m2ψ = 0.
Under the conformal transformation gˆµν = Ω
2gµν , supplemented with: ψˆ = Ω
−1ψ, mˆ = Ω−1m, the above KG
equation is not transformed:
ˆψˆ − Rˆ
6
ψˆ − mˆ2ψˆ = 0.
This means that conformal invariance is a symmetry of the motion equation of the ψ-field, and that the different
conformal frames are physically equivalent in what regards to the description of the dynamics of this scalar field. The
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names of the distinguished conformal frames: Einstein’s and Jordan’s frames, themselves entail that the corresponding
actions and the derived equations of motion are indeed different. Hence, the mere existence of the different conformal
frames means that these can not be physically equivalent. Otherwise, one should be able to explain what to understand
by physical equivalence when conformal invariance is not a symmetry of the motion equations.
If consider the running units in the Einstein’s frame as an additional assumption, what happens is that a modification
of the affinity of space is being assumed [42, 110, 111]. In this case the Weyl-integrable geometry (WIG) is a better
suited geometrical setup to allow for variation of the units of measure. Recall that the WIG – also acknowledged as
conformal Riemann geometry – represents the simplest modification of Riemann geometry to allow for the length of
vectors (and of tensors) to vary from point to point in spacetime. In such a case, since the geometric background
structure is also modified by the transformations, even when the motion equations change under the conformal
transformations, what we have is two different geometrical representations of the same phenomenon. Notice, however,
that the additional requirement of running units has changed the nature of the theory. Actually, although the action
(and the derived motion equations) in the Einstein’s frame is the same no matter whether or not to assume varying
units, a theory with Riemann geometry as the geometrical background structure would be just GR with an additional
scalar field non-minimally (universally) coupled to the matter sector. Meanwhile, as shown in [42], the same EF action
based in a WIG spacetime background – hence with varying or running units – would not be GR anymore, since the
WIG geodesics do not coincide with the standard Riemannian geodesics of the metric.
Let us to illustrate the above discussion with a simple example. In the understanding that the conformal trans-
formations can be identified with the transformations of units, it happens that the physical units, being constants in
one formulation of the theory, are transformed into point-dependent units. This is what is called as running units in
[38]. But, as we shall see, point-dependent units are not compatible with the affine properties of (pseudo)Riemannian
spaces. In order to demonstrate this statement we shall consider two identical physical systems A and B, that are
located at different spacetime points. Let us focus in the measurement of an (coordinate) invariant quantity such as,
for instance, the rest mass of the system: M =
√
gµνPµP ν , where P
µ is its 4-momentum. Hence, MA is the rest
mass of the system A, while MB is the mass of the identical system B that is located at a different spacetime point.
Take another physical system to be the standard of measurement, where m =
√
gµνpµpν is the mass of the standard
of measurement (pµ is its 4-momentum). In other words, m represents the standard mass unit. In order to measure
the mass of A the standard of measurement is to be parallely transported to the point where A is located and, then,
the quantities MA and m are to be compared: MA = µAm, where the dimensionless number µA is the result of the
measurement. Then, in order to measure the mass of B, the standard of measurement should be parallely transported
to the point where B is located and the above measurement procedure is repeated. We get that MB = µBm. It is
obvious that, since A and B are assumed to be identical, then µA = µB. This means that the only way in which the
quantity M can vary from point to point in spacetime, i. e., that MA 6= MB, is that the standard unit of mass m
be a point-dependent quantity. However, it is a very well known fact that in (pseudo)Riemannian space the length
of vectors does not change under parallel transport, i. e., ∇µm = 0 ⇒ m = m0, is a constant over the spacetime.
This is reminiscent of the metricity condition or metric compatibility of Riemann spaces, according to which the
spacetime metric is covariantly constant: ∇σgµν = 0. Hence, in (pseudo)Riemann spaces the coordinate invariant
quantities, such like the rest mass, can not be point-dependent quantities. Yet one might assume that the rest mass
is a point-dependent quantity, m = m(x), but this should be an independent postulate of the theory that would have
geometrical consequences. For instance, timelike particles with point-dependent mass m(x) do not follow geodesics
of the Riemann manifold due to the effect of an universal fifth-force. If these geometrical consequences are not taken
into account, this can lead to inconsistent inferences made on the basis of the measurement process.
D. When the JF and the EF representations are not physically equivalent
In this subsection we shall briefly expose the point of view according to which the different conformal frames are
regarded as physically non-equivalent representations. In the Refs. [37, 39, 107–109, 115–119], for instance, the
physical equivalence of the JF and EF conformal frames is challenged both classically [37, 39, 115–119] and at the
quantum level [107–109]. In the second item in Ref. [37] an example based on gravitational waves is explored in
order to clarify the issue. It is seemingly demonstrated therein that the EF is the better suited frame to describe the
physical phenomena. It has been shown in Ref. [39] that the gravitational deflection of light to second order accuracy
may observationally distinguish the two conformally related frames of the BD theory. Meanwhile in Refs. [115–119],
by means of the equivalence between the f(R) and STT theories, the physical non-equivalence of the JF and EF
frames is demonstrated. The non-equivalence of these formulations of the BD theory from the physical standpoint
has been investigated also in Refs. [120, 121] in what regards to the spacetime singularities.
Here, as before, if appropriate care is not taken about involved concepts, the discussion may go on to a semantic
issue. First, what means that the different conformal frames are physically non-equivalent? After all, when one
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compares two different frames, even when these are related by a mathematical relationship of equivalence, as long as
the physical laws are not invariant under the equivalence relationship, what one is comparing is two different theories
with their own set of measurable quantities. Hence, it is natural to get different predictions for a given quantity
when computed in terms of the measurable quantities of one or another frame. In this regard, looking for evidence
on the non-equivalence of the different conformal frames amounts to looking for evidence in favor of one or the other
theoretical framework, no more. This is precisely, what we have tried to explain in the above subsections: Given that
conformal invariance is not a symmetry of the STT-s (including BD theory with ωBD 6= −3/2), the different conformal
frames are just different theories of gravity with different physical content.
1. Conformal non-invariance of the vacuum
An aspect of conformal invariance of gravity theories that is not usually discussed, is related with its geometrical
implications: Invariance under conformal transformations (44) is meaningless until a geometrical background is spec-
ified. Here by geometrical background we do not understand just a metric but a whole geometrical setup, i. e., a set
of geometrical laws that define a geometrical structure, for instance, Riemann geometry, or Weyl geometry, etc.
Usually it is implicitly assumed that the background geometry is (pseudo)Riemann, but, in what regards conformal
invariance, this implicit choice has its own drawbacks. A simple example is given by the transformation of the
geodesics under (44). Under a conformal transformation of the metric the time-like geodesics:12
d2xµ
ds2
+ { µσλ}
dxσ
ds
dxλ
ds
= 0, (48)
where { µσλ} are the Christoffel symbols of the metric, are transformed into non-geodesics in the conformal frame:13
d2xµ
ds2
+ { µσλ}
dxσ
ds
dxλ
ds
=
dxσ
ds
dxµ
ds
∂σ (lnΩ)− gσλ dx
σ
ds
dxλ
ds
∂µ (lnΩ) . (49)
Hence, assuming the action (47) to be defined on a (pseudo)Riemann manifold, means that, while the gravitational
laws represented by the action and the derived equations of motion are indeed invariant under (44) the geodesics of
the metric are transformed into non-geodesics paths. This means, in turn, that there exists a universal fifth-force
effect in one of the conformally related representations given that it is absent in the other one. The arising of the
universal fifth-force is independent of the matter content of the theory: it persists even in vacuum. This invalidates
the assumed conformal invariance of the laws of gravity in the theory (47), since the “gauge” field φ becomes into a
dynamical degree of freedom, that is incompatible with conformal invariance. We think that this can be the origin of
another problem in connection with conformal invariance: As shown in Ref. [114], conformal invariance of the theory
(47) does not have any dynamical role since its associated Noether symmetry current vanishes.
2. Can be there a physical metric?
A different thing is to search for a physical conformal frame among the conformally related ones. This would
be a task inevitably doomed to failure. Actually, if the conformally related frames are not physically equivalent,
then the different frames represent actually different theories: for instance JFBD is a metric STT while EFBD is
GR supplemented with an additional non-gravitational universal fifth-force, i. e., it is a non-metric theory. In this
case what matters is not whether the theory is physical or not but whether the theory’s predictions meet or not the
experimental evidence. Nevertheless one founds statements like this (here we do not cite any particular work since
this kind of statement is generalized among many researchers): “... the matter is coupled to the conformal metric
12 The null geodesics, i. e., the photons’ paths, are not transformed by the conformal transformations.
13 It can be shown that under the affine reparametrization: ds→ Ω−1dτ , the first term in the RHS of (49) can be eliminated,
d2xµ
dτ2
+
{ µ
σλ
} dxσ
dτ
dxλ
dτ
= −gσλ
dxσ
dτ
dxλ
dτ
∂µ (lnΩ) .
However, the second term in the RHS of (49) can not be eliminated by any affine transformation whatsoever [42]. The term in the RHS
of the above equation is interpreted as a universal fifth-force.
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Ω2gµν (the physical metric) and not to the gravitational metric gµν .” It is not difficult to understand that, in such
cases when one may differentiate the gravitational metric from a metric to which the matter is coupled – which in such
kind of statement means that the latter is the metric in terms of which the stress-energy tensor of matter is conserved
– what one has is not a STT, nor even GR, but a bimetric theory of gravity. To worsen things, as discussed in the
introduction of this paper, according to the low-energy (small curvature) effective string theory [43], the different
matter fields may couple to different conformal metrics [44], thus making the search for a physical metric a much
more difficult task.
VII. FINAL REMARKS ON THE CLASSIFICATION OF SCALAR-TENSOR THEORIES OF GRAVITY
In what regards to the classification of the generalized STT-s, let us to discuss on a fine point in connection with
the equations that define the measured Newton’s constant in the case of Horndeski theories. Let us to illustrate
the discussion with two Horndeski-type theories that have played an important role in cosmological applications and
where the derivative couplings (and self-couplings) play an important part: the cubic galileon based on the action
(23) and the theory with kinetic coupling to the Einstein’s tensor that is based on the action (24). Since in both
cases the function G4 is a constant: G4 = 1/2, according to (26), the measured Newton’s constant in local (Solar
System) experiments coincides with the one in general relativity: Geff = (8pi)
−1M−2Pl . I. e., local experiments can not
differentiate between the cubic galileon, the kinetic coupling and general relativity theories. This is to be contrasted
with the fact that, according to (36) and to (39), where the measured Newton’s constant is derived in a cosmological
setting, the cosmological observations allow to clearly differentiate the cubic galileon from the kinetic coupling theory
and both latter theories from general relativity. This apparent inconsistency is due to the fact that the equation
(26) – the same for (29) – is derived within the PPN formalism and is not applicable to theories where the screening
mechanisms play a role. This is the case for the cubic galileon and the kinetic coupling theories where the Vainshtein
screening [143–146] is the dominant effect for distances far below the Vainshtein radius.
Even if assume that (26) were a valid equation for the theories with the Vainshtein screening, if we compare
equations (26) – or its equivalent (29) – and (32), it is seen that these can be matched only in the massless case. Yet
it is not required that these matched at local scales since, in the vicinity of massive sources where the expression (29)
is useful, below the Vainshtein radius
rV =
(
M
8piMPlΛ3
)
,
where M is the mass of the source and the scale Λ ∼ MPlH20 (H0 is the present value of the Hubble parameter),
the non-linear contribution coming from second derivatives of the scalar field starts dominating, which results in that
at r ≪ rV the kinetic term of the scalar field decouples from the rest of the matter degrees of freedom through the
Vainshtein mechanism [143–146]. In this highly non-linear regime, the given Horndeski theory is well approached by
general relativity. Notice that, the Vainshtein radius of the Sun rSunV ∼ 1018m, while the size of the solar system
rSS ∼ 1012m, so that
rSS
rSunV
∼ 10−6 ≪ 1.
This means that general relativity is a good approximation within the Solar system. Hence, the conclusion that Solar
system experiments are not able to differentiate between theories where the Vainshtein screening arises and general
relativity, is correct whether or not (26) is valid. This means that, unlike cosmological observations, local experiments
are ‘blind’ to the derivative couplings.
A. Conformal transformations and classification of scalar-tensor theories
What do the classification of the generalized STT-s has to say about the conformal transformations’ issue? Under
a conformal transformation of the metric (1) with Ω2 = φ, and ϕ = lnφ, the JFBD action (3),
SJF =
∫
d4x
√
|g|
[
φR − ωBD
φ
(∂φ)2 − 2V (φ) + 2Lm(ψ(i),∇ψ(i), gµν)
]
,
is transformed into the EFBD theory with action (41):
SEF =
∫
d4x
√
|g|
[
R−
(
ωBD +
3
2
)
(∂ϕ)2 − 2V (ϕ) + 2e−2ϕLm(ψ(i),∇ψ(i), e−ϕgµν)
]
.
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It is seen from (29) that for the JFBD theory the measured Newton’s constant,
8piGeff =
1
φ
[
2ωBD + 3 + e
−Mψr
2ωBD + 3
]
, Mψ =
2
φ
√
φ3V,φφ − 2ωBDX
2ωBD + 3
,
is a function of the spacetime point, while in the framework of EFBD, 8piGeff = 1, i. e., it is general relativity with
an universal fifth-force:
f5thµ ∝ −
1
2
∇µϕ,
that is originated from the non-minimal coupling of the dilaton field ϕ with the matter Lagrangian in SEF: e
−2ϕLm.
This entails that, i) JFBD is a STT while EFBD is GR with an additional non-gravitational (universal) fifth-force
acting on the matter fields, and ii) while the weak equivalence principle (WEP) is valid in the JFBD metric theory
of gravity, it is violated in the EFBD non-metric theory. Following one of the most widespread points of view on the
conformal transformations’ issue found in the bibliography (see, for instance, Refs. [36–38, 40]), let us further assume
that the JFBD and the EFBD theories are physically equivalent representations of given gravitational phenomena. If
this point of view were correct, then, metric STT and non-metric GR theories of gravity were indistinguishable. I. e.
there were no point in classifying theories in STT and/or metric an non-metric, bimetric, etc.
However, according to our own point of view expressed in subsections VIA and VIB, physical equivalence requires
of an underlying symmetry. For instance, invariance under general coordinate transformations and/or under gauge
transformations, warrants physical equivalence of the different coordinate systems and/or of the different gauges. The
quantities having the physical meaning are those which are not transformed by the coordinate and/or gauge transfor-
mations. In a similar way, the conformally related (thus mathematically equivalent) frames are physically equivalent
only if the given STT – and the corresponding field equations – is invariant under the conformal transformation (plus
an innocuous rescaling of the scalar field). In this case conformal invariance is the symmetry that underlies the physi-
cal equivalence of the different representations of the theory. The quantities that have the physical meaning are those
that are invariant under the conformal transformation (plus general coordinate transformations). This means that
the JF and EF (and other conformal frames) in which a given STT may be formulated are not physically equivalent
despite of their mathematical equivalence and that a classification of gravitational theories into STT-s and GR is
indeed possible.
VIII. CONCLUSION
In this paper we have discussed about an issue with the classification of the generalized STT-s that arises when
derivative couplings are considered. In this case, thanks to the Vainshtein screening, the different theories are very
well approached by general relativity in Solar system experiments, meanwhile in a cosmological framework these
theories may be well differentiated. The classification of the gravitational theories into metric scalar-tensor theories
and non-metric general relativity with a scalar field non-minimally coupled to matter, is possible only if the different
conformal frames in which a given STT may be formulated were not physically equivalent.
We want to markedly underline that our analysis in this paper is valid until quantum effects can not be ignored.
The quantum effects of the interaction of the matter fields may induce a non-minimal coupling with the curvature
[147] (see the appendix D). Hence, the classification of gravity theories into scalar-tensor theories and/or other metric
and non-metric theories according to the present (fully classical) discussion, is correct given that the quantum effects
are ignored.
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Appendix A: Weak-field limit of Brans-Dicke theory
This is an approximate solution to equations (5) and (8), which is first order in the matter density. For simplicity
here we consider the case with vanishing potential V (φ) = 0, i. e., a massless BD field. Mathematically what we do
is to expand up to linear terms in the metric and scalar field perturbations:
gµν = ηµν + hµν(x), φ = φ0 + σ(x), (A1)
where ηµν = diag(−1, 1, 1, 1) is the Minkowski metric and hµν(x), σ(x) are small point-dependent metric and scalar
perturbations, respectively. The linearized Einstein’s tensor reads:
GLµν =
1
2
[−hµν + ∂µ∂λhλν + ∂ν∂λhλµ − ∂µ∂νh− ηµν (∂λ∂τhλτ −h)] , (A2)
where h = hµµ and the tensorial indexes are raised and lowered by means of ηµν . If substitute the linearized Einstein’s
tensor (A2) back to (5) and take into account the linear expansion (A1) in its RHS, up to the first order in the
perturbations we get:
GLµν =
1
φ0
T (m)µν +
1
φ0
(∂µ∂ν − ηµν)σ. (A3)
In order to avoid the mixing between the perturbed fields hµν and σ in this equation it will be useful to diagonalize
it by introducing a new field:
ψµν = hµν − 1
2
ηµνh− 1
φ0
ηµνσ, (A4)
and the four coordinate conditions: ∂νψ
ν
µ = 0, that we can safely declare thanks to the four degrees of freedom
available to make diffeomorphisms. The diagonalized linearized Einstein-BD equations then read:
ψµν = − 2
φ0
T (m)µν , (A5)
whose retarded-time solution is given by:
ψµν =
4
φ0
∫
d3x
T
(m)
µν
r
. (A6)
On the other hand, the linearized KGBD equation of motion (8):
σ =
T (m)
3 + 2ωBD
, (A7)
has the following retarded-time solution:
σ = − 2
3 + 2ωBD
∫
d3x
T (m)
r
. (A8)
One can invert (A4) to get:
hµν = ψµν − 1
2
ηµνψ − 1
φ0
ηµνσ. (A9)
Then, taking into account that in the Newtonian limit (matter objects at rest): T (m) = −ρ (ρ is the energy density
of matter), since gµν = ηµν + hµν , the components of the metric read:
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gµν = ηµν +
4
φ0
[∫
d3x
T
(m)
µν
r
− 1 + ωBD
3 + 2ωBD
∫
d3x
T (m)ηµν
r
]
, (A10)
i. e.,
g00 = −1 + 2
φ0
(
4 + 2ωBD
3 + 2ωBD
)∫
d3x
ρ
r
, gij = δij
[
1 +
4
φ0
(
1 + ωBD
3 + 2ωBD
)∫
d3x
ρ
r
]
.
If compare the Newtonian potential of a point particle of mass M : U = GNM/r, obtained in the weak-field – and
low velocities – limit of general relativity: g00 = −1 + 2U , with the one above, one gets the relationship (10) for the
effective gravitational coupling, i. e., the constant that is measured in Cavendish-type experiments.
The null-null component of the metric: g00, determines the gravitational weight of the body and also the redshift.
Then, since the factor (4+2ωBD)/(3+2ωBD) is being absorbed in the definition of the measured gravitational constant
Geff in (10), there is no difference in the results of the gravitational redshift experiments within the BD theory as
compared with general relativity. Nonetheless, the deflection of light experiments within the BD theory lead to results
that differ from those within GR. This is due to the fact that the deflection of light is influenced by the ratio gii/g00
instead. It is obtained that [12]:
δθ =
4GeffM
r∗
[
3 + 2ωBD
4 + 2ωBD
]
,
where r∗ is the closest approach distance to the astrophysical object – the Sun, for instance – by the light ray.
Appendix B: Extended theories of gravity
Possible modifications of Einstein’s GR, including scalar tensor and/or f(R) theories, can be investigated under
the standards of the so called extended theories of gravity (ETG) [122–129]. These are understood as generalizations
of GR that contain corrections and enlargements of the Einstein theory [122] such as the addition of higher-order
curvature invariants and/or non-minimally (and also minimally) coupled scalar fields into the gravitational action:14
S =
∫
d4x
√
|g|f (R,RµνRµν , RµνσλRµνσλ,R,2R, . . .kR, φ) , (B1)
where f is an arbitrary function of the curvature invariants and of the scalar field. The case when f =
f(R,RµνR
µν , RµνσλR
µνσλ) has been investigated, for instance, in Ref. [131] (see also Ref. [132, 133] for a re-
lated quantum mechanical and perturbative exploration of this case), where it was shown that the corresponding
action:
S =
∫
d4x
√
|g| f (R,RµνRµν , RµνσλRµνσλ) , (B2)
is equivalent to multi-scalartensor gravity theory with four-derivative terms15 if introduce the auxiliary scalar fields
ϕi (i = 1, 2, 3). The action (B2) is then replaced by the following,
S =
∫
d4x
√
|g|
[
f(ϕ1, ϕ2, ϕ3) +
∂f
∂ϕ1
(R− ϕ1) + ∂f
∂ϕ2
(RµνR
µν − ϕ2) + ∂f
∂ϕ3
(
RµνσλR
µνσλ − ϕ3
)]
. (B3)
14 Here we follow the metric formalism. For both, metric, metric affine and Palatini formalisms considerations we recommend the review
papers Refs. [122, 130].
15 According to the famous Lovelock’s theorem [10], if one wants to construct metric theories of gravity with field equations that differ
from those of GR, one of the possibilities is to accept derivatives of the metric higher than second order in the field equations.
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Variation of the above action with respect to the ϕi-s yields:
δS =
∫
d4x
√
|g|δϕj
[
∂2f
∂ϕj∂ϕ1
(R− ϕ1) + ∂
2f
∂ϕj∂ϕ2
(RµνR
µν − ϕ2) + ∂
2f
∂ϕj∂ϕ3
(
RµνσλR
µνσλ − ϕ3
)]
,
so that, given that the matrix ∂2f/∂ϕj∂ϕi is non-degenerate, the corresponding motion equations amount to: ϕ1 = R,
ϕ2 = RµνR
µν and ϕ3 = RµνσλR
µνσλ, respectively. If substitute these relationships back into the action (B3) we obtain
the starting action (B2). As shown in Ref. [131], the action (B3) is equivalent to multi(quadruple)-scalartensor gravity
whose scalar fields are coupled to the curvature terms (Ricci scalar, Weyl squared and GaussBonnet terms). It was
demonstrated in Refs. [132, 133] and also in Ref. [131], that if the action (B2) is expanded around a vacuum spacetime,
there appear massive spin-2 ghost excitations that render the vacuum unstable. Another particular case of interest
will be briefly discussed below. For a detailed exposition on ETG-s we recommend the review Ref. [122].
1. Case where f
(
R,R,2R, . . .kR
)
Here we shall discuss on one particular case of interest for cosmology and astrophysics [122, 128]. The corresponding
ETG-s are given by the action [124, 125]:
S =
∫
d4x
√
|g| f (R,R,2R, . . .kR)+ Sm, (B4)
where Sm stands for the action of the matter fields (including minimally coupled scalar fields). This is the action
for (2k + 4)-order gravity. It has been shown that the above action can be rewritten as well in the form of a multi-
scalar-tensor theory [125]. In order to demonstrate the latter result, the first step is to introduce new variables:
ϕi = ϕ0, ϕ1, · · · , ϕk. Then, the function f(iR) is written as f(ϕi), so that from the dynamically equivalent action
the derived ϕi-motion equations: ϕi = 
iR, are anticipated. The resulting action that is dynamically equivalent to
(B4) looks like (here, for simplicity, we omit the matter piece of the action):
S =
∫
d4x
√
|g|

f(ϕi) + k∑
j=0
∂f
∂ϕj
(

jR− ϕj
) , (B5)
so that the motion equations for the fields ϕi are:
k∑
i=0
Fij
(

iR− ϕi
)
= 0.
Hence, if the matrix Fij = ∂
2f/∂ϕj∂ϕi is non-degenerate we obtain: 
iR = ϕi, as required. The derivatives of the
Ricci scalar in the action can be reduced to terms linear in R by integration by parts:∫
d4x
√
|g| ∂f
∂ϕi
R =
∫
d4x
√
|g|
[

(
∂f
∂ϕi
)]
R,
where the boundary term has been omitted. The following action is obtained:
S =
∫
d4x
√
|g|



 k∑
j=0

j ∂f
∂ϕj

 R + f(ϕi)− k∑
j=0
ϕj
∂f
∂ϕj

 . (B6)
Next we identify the functional that is multiplying the Ricci scalar in the above action with a new scalar field:
φ =
k∑
j=0

j ∂f
∂ϕj
.
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The ϕk variable can be eliminated by writing it as a functional of the scalar field φ and of the remaining ϕi (i 6= k).
As a consequence, the 2k + 4-order gravity given by (B4) can be written as a second-order scalar-tensor theory with
k + 1 scalar fields.
In order to illustrate how this formalism works, let us apply it to a concrete example that has been explored in Ref.
[125]. Let us choose the sixth-order gravity given by f = R+ αRR, where α is a free constant parameter. We have
that f(ϕi) = ϕ0(1 + αϕ1), so that the action (B6) is written as:
S =
∫
d4x
√
|g| [(1 + αϕ1 + αϕ0)R− αϕ0ϕ1] ,
where
φ =
∂f
∂ϕ0
+
∂f
∂ϕ12
= 1 + αϕ1 + αϕ0.
Substituting this scalar field back into the above action and, writing the auxiliary scalar field ϕ1 as a function of φ
and of ϕ0:
αϕ1 = φ− 1− αϕ0,
we can write the action as one for a scalar-tensor gravity:
S =
∫
d4x
√
|g|
[
φR− ξ√
2α
(φ− 1)− 1
2
(∂ξ)2
]
, (B7)
where we have redefined ξ =
√
2αϕ0, and we have taken into account that, up to a boundary term,∫
d4x
√
|g|ξξ = −
∫
d4x
√
|g|(∂ξ)2.
Notice that (B7) depicts Brans-Dicke theory with vanishing coupling parameter ωBD = 0, for a BD scalar field φ, and
with an additional canonical scalar field ξ, as matter source.
Appendix C: Disformal transformations
In Ref. [134] the question was stated on whether the conformal transformation of the kind (1) is the most general
relation between two geometries allowed by physics? The author studied this question by supposing that the physical
geometry on which matter dynamics take place could be Finslerian rather than just Riemannian. By asking for
validity of the weak equivalence principle and avoiding causality issues, the conclusion was reached that the Finsler
geometry has to reduce to a Riemann geometry whose metric (the physical metric) is related to the gravitational
metric by a generalization of the conformal transformation called as “disformal transformations” [134–142]:
gµν → g¯µν = A(φ,X)gµν +B(φ,X)∂µφ∂νφ, (C1)
where, as before, X ≡ −(∂φ)2/2, stands for the kinetic term. Given that the disformal functions A and B depend
not only on φ, but also on its kinetic energy, it is implicit a dependence on the metric hidden in X . The disformal
metric can have, depending on the sign of B, light cones wider or narrower than those of the metric [134, 135]. The
above disformal transformation must be invertible, with inverse [137]:
g¯µν = A−1gµν − B/A
A+ 2BX
∂µφ∂νφ, (C2)
with invertible volume element:
√
|g¯| = A2
√
1 + 2XB/A
√
|g|. As stated in Ref. [137], disformal transformations
have for the Horndeski action (19) a role very similar to that of conformal transformations for the STT. A special
case of the disformal transformations,
gµν → g¯µν = A(φ)gµν +B(φ)∂µφ∂νφ, (C3)
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where the disformal functions depend only on the scalar field, preserves second-order field equations, warranting the
Horndeski action (19) to be formally invariant under (C3). In this case the effect of the disformal transformation
(C3) can be recast into appropriate renormalization of the functions K(φ,X), Gi(φ,X) in the Horndeski action (see
the appendix C of Ref. [137] for details).
Only as an illustration here we shall display how the “Einstein’s frame” cubic galileon action (here we use the units’
system M2Pl = (8piGN )
−1 with MPl ≃ 1.22× 1019 GeV):
S =
∫
d4x
√
|g|
[
M2Pl
2
R − c2
2
(∂φ)2 − c3
M3
(∂φ)2φ+ Lm − cG
MPlM3
T (m)µν ∂
µφ∂νφ− c0
MPl
φT
]
, (C4)
is transformed into the “Jordan frame” one by a disformal transformation of the kind (C3). The demonstration for
this particular case was given in Ref. [136] through performing the transformations in the weak field limit, then
absorbing like terms by renormalizing the constants ci-s, and, finally, by promoting the obtained actions to their full,
non-linear counterparts. The JF action is the following:
S =
∫
d4x
√
|g|
[(
1− 2c0
MPl
φ
)
M2Pl
2
R− c2
2
(∂φ)2 − c3
M3
(∂φ)2φ− MPlcG
M3
Gµν∂
µφ∂νφ+ Lm
]
. (C5)
Since the issue of the disformal transformations is relatively contemporary, to date no questions have arisen in what
regards to the physical equivalence of the disformal frames. Besides, the existing works on the cubic galileon – and
related models – have been performed, almost exclusively, in the JF.
Appendix D: Scalar-tensor theory from the quantum interactions of matter
In the above section we have seen that the inclusion of higher-order curvature terms in the gravitational action,
inspired by certain criteria of quantum nature such as renormalizability [132, 133], is dynamically equivalent to
considering scalar/multiscalar-tensor theories. This means that the inclusion of non-minimally and minimally coupled
scalar fields seem to be the cure for several of the problems faced by general relativity. According to Ref. [147], for
instance, the quantum interactions of matter induce a non-minimal coupling with the curvature. In this regard, let
us consider the simplest renormalizable quantum field theory that is given by the Lagrangian:
Lφ = −1
2
(∂φ)2 − 1
2
µ20φ
2 − λ0φ4. (D1)
The conventional stress-energy tensor
T (φ)µν = ∂µφ∂νφ+ gµνLφ,
does not have finite matrix elements, however, the modified tensor [147]:
Θ(φ)µν = T
(φ)
µν +
1
6
(∇µ∇ν − gµν)φ2, (D2)
has finite matrix elements to all orders in λ. When we take into account the gravitational interactions, if we want
the gravitational effects to be finite to lowest order in the gravitational coupling and to all orders in all the other
couplings, then, in the RHS of the Einstein’s (GR) motion equations:
Gµν =
1
M2Pl
T (φ)µν ,
one has to make the replacement: T
(φ)
µν → Θ(φ)µν . This means, in turn, that the Einstein-Hilbert action principle:
SEH =
∫
d4x
√
|g|
[
M2Pl
2
R+ Lφ
]
,
is to be replaced by the STT action:
S∗ =
∫
d4x
√
|g| [f(φ)R+ Lφ] ,
26
where f(φ) =M2Pl/2− φ2/12. Hence, in order to have observable gravitational effects when calculating, for instance,
the amplitude of the scattering of a graviton in an external field, one has to rely on the stress-energy tensor that has
finite matrix elements, i. e., on Θ
(φ)
µν . This, in turn, requires of a STT from the start.
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